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Abstract
In this paper we use Cartan’s method to study the equivalence problem of fourth order ordinary differ-
ential equation with the flat model under contact transformations. As a result, we obtain simple explicit
conditions for fourth order differential equation to be equivalent to the flat model under the considered
group of transformations.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Two G-structures B → M and B¯ → M¯ are said locally equivalent under a pseudogroup of
local diffeomorphisms Φ if and only if there exists a local diffeomorphism φ ∈ Φ such that
φ :M → M¯ and φ∗θ¯ = θ , where θ (respectively, θ¯ ) is a coframing for B → M (respectively,
B¯ → M¯). The general procedure for solving such problems is Cartan’s method of equivalence.
Elie Cartan in 1908 [2] developed the general theory of equivalence problems and provided a sys-
tematic procedure for determining the necessary and sufficient condition. Thus to a G-structure
one may invariantly attach its differential invariants. Cartan solved many complicated equiva-
lence problems, such as the problem of two second order partial differential equations under
the contact transformations. Several Cartan’s students, Chern [3], Hachtroudi, etc., used success-
fully the method of equivalence while the modern approach is due to Gardner [4], Kamran [5]
and Olver [6].
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algebraic computers has allowed the completion of many problems and opened the door to variety
of new problems coming from differential equations classification, control theory (determine if a
dynamical controlled system is equivalent to another by feed-back), Riemannian geometry, CR
geometry, general relativity, object recognizing, etc.
In the present paper we study the problem of the geometry associated to the 4th order differ-
ential equations under contact transformations. In Section 2 we begin with 3rd order differential
equations. We give explicit conditions for flatness (equivalence with the flat model).
In Section 3, the 4th order differential equation is studied involving more complicated calcu-
lations. The calculations here made great use of the symbolic package cartan, implemented by
the second author [7].
2. Third order differential equation
In this section we present the result obtained in [8], postponing to the next section the de-
tails of Cartan’s method. Let x := (x, y,p = y′, q = y′′) ∈ R4 be a local coordinates of J 2, the
space of the second order jets. Recall that a map φ is said to be contact transformation if it pre-
serves the horizontal condition, i.e. the image of any horizontal submanifolds under any contact
transformation remains horizontal. In local coordinates, the equivalence of
y′′′ = f (x, y, y′, y′′) and y¯′′′ = f¯ (x¯, y¯, y¯′, y¯′′) (1)
under a contact transformation is expressed as the local equivalence problem for G-structure
φ∗
⎛
⎜⎝
dq¯ − f¯ (x¯, y¯, p¯, q¯) dx¯
dy¯ − p¯ dx¯
dp¯ − q¯ dx¯
dx¯
⎞
⎟⎠
︸ ︷︷ ︸
ω¯(x¯)
=
⎛
⎜⎝
a1(x) a2(x) a3(x) 0
0 a4(x) 0 0
0 a5(x) a6(x) 0
0 a6(x) a7(x) a9(x)
⎞
⎟⎠
︸ ︷︷ ︸
S(a)∈G
⎛
⎜⎝
dq − f (x, y,p, q) dx
dy − p dx
dp − q dx
dx
⎞
⎟⎠
︸ ︷︷ ︸
ω(x)
. (2)
We define θ = S(a)ω and θ¯ = S(a¯)ω¯. Cartan’s method, when applied to this equivalence
problems, leads to an {e}-structure, which is invariantly associated to the given equation. This
problem, as we mentioned, is studied in more details in the paper [8], we just here recall the
result.
Theorem 1. The equation y′′′ = f (x, y, y′, y′′) is equivalent to y′′′ = 0 under contact transfor-
mations if and only if I = 0 and fqqqq = 0 where
I = 2
27
fq
3 + 1
3
fpfq − 13Dxfqfq + fy −
1
2
Dxfp + 9Dx2fq (3)
is the well-known Wünschmann relative invariant [3,9].
Note that, in the case of the equivalence with the flat model, the third order equation admits
8-dimensional contact symmetry group.
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In this section we will look deeply into the equivalence problem of general fourth order or-
dinary equations with the flat model under contact transformations and our aim is to determine
necessary and sufficient conditions which guarantee this equivalence.
Let x = (x, y,p = y′, q = y′′, r = y′′′) be a system of local coordinates of J 3. Two scalar
fourth order ordinary equations
y(4) = f (x, y,p, q, r) and y¯(4) = f¯ (x¯, y¯, p¯, q¯, r¯) (4)
are said to be equivalent under a contact transformation if there exists a contact transformation φ
mapping the first equation to the second one. To set up the machinery of Cartan, the first step is
to notice that the prolongation (the lift to J 3) of any contact transformation φ maps the contact
forms⎧⎪⎪⎨
⎪⎪⎩
ω1 = −f (x, y,p, q, r) dx + dr,
ω2 = −p dx + dy,
ω3 = −q dx + dp,
ω4 = −r dx + dq,
to contact forms. More precisely, the first contact forms must agree up to multiple
φ∗ω¯2 = a5ω2,
where a5 = a5(x, y,p, q, r). Similarly, higher order contact forms match up modulo lower order
ones
φ∗ω¯3 = a6ω2 + a7ω3,
φ∗ω¯4 = a8ω2 + a9ω3 + a10ω4,
φ∗ω¯1 = a2ω2 + a3ω3 + a4ω4 + a1ω1.
(The choice of the indices of the functions ai is cosmetic.) In addition, to encode equivalence
under contact transformations we must have
φ∗ω¯5 = a11ω2 + a12ω3 + a13ω5,
where ω5 = dx and ω¯5 = dx¯. It follows that the two equations are equivalent under a contact
transformation if and only if
φ∗ω¯(x¯) =
⎛
⎜⎜⎜⎝
a1 a2 a3 a4 0
0 a5 0 0 0
0 a6 a7 0 0
0 a8 a9 a10 0
0 a11 a12 0 a13
⎞
⎟⎟⎟⎠
︸ ︷︷ ︸
S(a)∈G
ω(x), (5)
where ω = (ω1,ω2,ω3,ω4,ω5)T and G = {S(a)} ⊂ GL(n,R) is the structural group.
In accordance with Cartan’s method, we take the lifted coframing θ = S(a)ω. Thus the above
Pfaffian system (5) can be written in symmetric form (equivalence of G-structures) by multiply-
ing the two sides by the matrix of G{
φ∗θ¯ = θ,
1 2 3 5 5 (6)θ ∧ θ ∧ θ ∧ θ ∧ θ = 0.
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obtain the following structure equations:
dθ1 = α1 ∧ θ1 + α2 ∧ θ2 + α3 ∧ θ3 + α4 ∧ θ4 + I1θ1 ∧ θ2 + I2θ1 ∧ θ3 + I3θ1 ∧ θ5
+ I4θ2 ∧ θ3 + I5θ2 ∧ θ4 + I6θ2 ∧ θ5 + I7θ3 ∧ θ4 + I8θ3 ∧ θ5 + I9θ4 ∧ θ5,
dθ2 = α5 ∧ θ2 + I10θ2 ∧ θ3 + I11θ2 ∧ θ5 + I12θ3 ∧ θ5,
dθ3 = α6 ∧ θ2 + α7 ∧ θ3 + I13θ2 ∧ θ3 + I14θ2 ∧ θ4 + I15θ2 ∧ θ5 + I16θ3 ∧ θ4
+ I17θ3 ∧ θ5 + I18θ4 ∧ θ5,
dθ4 = α8 ∧ θ2 + α9 ∧ θ3 + α10 ∧ θ4 + I19θ1 ∧ θ2 + I20θ1 ∧ θ3 + I21θ1 ∧ θ5
+ I22θ2 ∧ θ3 + I23θ2 ∧ θ4 + I24θ2 ∧ θ5 + I25θ3 ∧ θ4 + I26θ3 ∧ θ5 + I27θ4 ∧ θ5,
dθ5 = α11 ∧ θ2 + α12 ∧ θ3 + α13 ∧ θ5 + I28θ2 ∧ θ3 + I29θ2 ∧ θ4 + I30θ2 ∧ θ5
+ I31θ3 ∧ θ4 + I32θ3 ∧ θ5 + I33θ4 ∧ θ5,
where {Ii} are the apparent torsion coefficients and the {αi} are the Maurer–Cartan forms of the
structural group G. It is easy to see that they are invariants under the right translations of G and
we prove that (dS S−1)ij = Aijραρ form a basis of Maurer–Cartan forms of G.
A very important concept is the absorption of the apparent torsion. This process consists of
fixing the maximum of the {Ii} to zero by performing the change of basis πρ = αρ + λρj θj ,
where the λρj are unspecified coefficients to be determined (see, for instance, [7]). The remaining
torsion coefficients are invariants of the G-structure. Thus for the structure equation above, the
absorption of the torsion gives:
dθ1 = π1 ∧ θ1 + π2 ∧ θ2 + π3 ∧ θ3 + π4 ∧ θ4,
dθ2 = π5 ∧ θ2 + I1θ3 ∧ θ5,
dθ3 = π6 ∧ θ2 + π7 ∧ θ3 + I2θ4 ∧ θ5,
dθ4 = π8 ∧ θ2 + π9 ∧ θ3 + π10 ∧ θ4 + I3θ1 ∧ θ5,
dθ5 = π11 ∧ θ2 + π12 ∧ θ3 + π13 ∧ θ5,
involving the three invariants:
I1 = − a5
a7a13
, I2 = − a7
a10a13
, I3 = − a10
a1a13
,
depending on the group parameters. This allows us to reduce the structural group in following
manner. We normalize the group parameters a5, a7 and a10 by setting
I1 = I2 = I3 = −1.
Then we insert those values into the lifted coframing and recompute the differential d(θi). In our
abuse of notation we let πρ denote the modified Maurer–Cartan forms and deduce the following
structure equations (after absorption of the torsion):
dθ1 = π1 ∧ θ2 + π2 ∧ θ3 + π3 ∧ θ4 + π7 ∧ θ1 − π10 ∧ θ1,
dθ2 = π7 ∧ θ2 + 2π10 ∧ θ2 + I1θ2 ∧ θ5 − θ3 ∧ θ5,
dθ3 = π4 ∧ θ2 + π7 ∧ θ3 + π10 ∧ θ3 − θ4 ∧ θ5,
dθ4 = π5 ∧ θ2 + π6 ∧ θ3 + π7 ∧ θ4 − θ1 ∧ θ5 + I2θ4 ∧ θ5,
dθ5 = π8 ∧ θ2 + π9 ∧ θ3 + π10 ∧ θ5.
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invariants which do not depend on the remaining parameters:
dθ1 = −θ1 ∧ θ7 + θ1 ∧ θ8 + I1θ2 ∧ θ3 + I2θ2 ∧ θ4 + I3θ2 ∧ θ5 − 34θ
4 ∧ θ6,
dθ2 = −θ2 ∧ θ7 − 2θ2 ∧ θ8 − θ3 ∧ θ5,
dθ3 = −3
4
θ2 ∧ θ6 − θ3 ∧ θ7 − θ3 ∧ θ8 − θ4 ∧ θ5,
dθ4 = −θ1 ∧ θ5 + I4θ2 ∧ θ4 + I5θ2 ∧ θ5 − θ3 ∧ θ6 − θ4 ∧ θ7,
dθ5 = I6θ1 ∧ θ2 + I7θ1 ∧ θ3 + I8θ2 ∧ θ3 + I9θ2 ∧ θ4 + I10θ2 ∧ θ5 + I11θ3 ∧ θ4
− θ5 ∧ θ8.
At this point we need to reformulate the problem on a suitably larger space and then reapply
Cartan’s method. The enlargement is done by the addition of the remaining parameters to the
manifold {x = (x, y,p, q, r)} and the modified Maurer–Cartan forms (which we will denote by
θ6, θ7 and θ8) to the coframing. We already know the differentials of the {θi}1i5, so we need
the differentials of θ6, θ7 and θ8, which we calculate by computing 0 = d(dθi) and then applying
Cartan lemma. This allows us to write:
dθ1 = −θ1 ∧ θ6 + θ1 ∧ θ7 + θ3 ∧ θ5,
dθ1 = −θ1 ∧ θ7 + θ1 ∧ θ8 + I1θ2 ∧ θ3 + I2θ2 ∧ θ4 + I3θ2 ∧ θ5 − 34θ
4 ∧ θ6,
dθ2 = −θ2 ∧ θ7 − 2θ2 ∧ θ8 − θ3 ∧ θ5,
dθ3 = −3
4
θ2 ∧ θ6 − θ3 ∧ θ7 − θ3 ∧ θ8 − θ4 ∧ θ5,
dθ4 = −θ1 ∧ θ5 + I4θ2 ∧ θ4 + I5θ2 ∧ θ5 − θ3 ∧ θ6 − θ4 ∧ θ7,
dθ5 = I6θ1 ∧ θ2 + I7θ1 ∧ θ3 + I8θ2 ∧ θ3 + I9θ2 ∧ θ4 + I10θ2 ∧ θ5 + I11θ3 ∧ θ4
− θ5 ∧ θ8,
dθ6 = I12θ1 ∧ θ2 + I13θ1 ∧ θ3 + I14θ1 ∧ θ4 + I15θ2 ∧ θ3 + I16θ2 ∧ θ4 + I17θ2 ∧ θ5
+ I18θ2 ∧ θ6 + I19θ3 ∧ θ4 + I20θ3 ∧ θ5 + I21θ4 ∧ θ5 + θ6 ∧ θ8,
dθ7 = I22θ1 ∧ θ2 + I23θ1 ∧ θ3 + I24θ1 ∧ θ4 + I25θ2 ∧ θ3 + I26θ2 ∧ θ4 + I27θ2 ∧ θ5
+ I28θ3 ∧ θ4 + I29θ3 ∧ θ5 − 14θ
5 ∧ θ6,
dθ8 = I30θ1 ∧ θ2 + I31θ1 ∧ θ3 + I32θ1 ∧ θ4 + I33θ2 ∧ θ3 + I34θ2 ∧ θ4 + I35θ2 ∧ θ5
+ I36θ3 ∧ θ4 + I37θ3 ∧ θ5 + 12θ
5 ∧ θ6. (7)
Cartan characters [6] are s1 = 0, s2 = 0 and the indetermination degree is 0. This proves the
following lemma.
Lemma 1. The system (7) is in involution.
A differential ideal of the set of the invariants is given by the following lemma.
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I7 = 16
frrr
a13a12
, I11 = 136
(−frr2 − 6fqrr )a1 + 6frrra4
a132a13
,
I5 = 18
(−4fqfr + 6frDxfr − fr3 − 8fp − 4Dx2fr + 8Dxfq)/a133,
I3 = 11600
((−1440frDx2fr − 1600fy + 832fqDxfr − 144fq2 + 1512Dxfrfr2
− 808fqfr2 + 480Dx3fr − 1600fpfr − 189fr4 + 2000Dxfqfr − 864(Dxfr)2
− 1120Dx2fq + 1600Dxfp
)
a1
+ (−800Dx2fr + 1600Dxfq − 200fr3 + 1200frDxfr − 1600fp − 800fqfr)a4)/(
a1a13
4)
vanish.
In the case of y(4) = 0 all the invariants in (7) vanish and we have:
Theorem 2. The following propositions are equivalent:
(i) The equation y(4) = f (x, y, y′, y′′, y′′′) is equivalent to the equation y(4) = 0 under a con-
tact transformation.
(ii) The equation y(4) = f (x, y, y′, y′′, y′′′) admits a contact symmetry group of 8 parameters.
(iii) f satisfies
frrr = 0, frr2 + 6fqrr = 0,
−4fqfr + 6frDxfr − fr3 − 8fp − 4Dx2fr + 8Dxfq = 0,
−1440frDx2fr − 1600fy + 832fqDxfr − 144fq2 + 1512Dxfrfr2 − 808fqfr2
+ 480Dx3fr − 1600fpfr − 189fr4 + 2000Dxfqfr − 864(Dxfr)2
− 1120Dx2fq + 1600Dxfp = 0.
4. Conclusion and future directions
The work described here is part of a large project, namely the classification of the 3rd and the
4th order differential equations and the study of the natural geometric structures induced by these
equations. Given a differential equation and a group of transformations there is an intrinsically
associated geometry (B → M,φ), where φ is a connection on B → M . We may study objects
such as the curvature of the connection (differential invariants of the differential equations),
completeness (existence of global solutions), etc. There are indications that this type of geometric
understanding of differential equations is of value in the understanding of geometric and analytic
problems [1].
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